‘ ‘ ‘Fﬁ Faculté ‘

de physique et ingénierie ‘

‘ Université de Strasbourg

UNIVERSITY OF STRASBOURG

Tutorial VI
Second quantization

R. Jalabert, S. Berciaud

Transcribed by

PIERRE GUICHARD

M2-S3 2022-2023



1

I. Equation of motion of an operator in the Heisenberg re-
presentation.

Consider the Hamiltonian of a boson field (representing photons or phonons)

H = Z hwkc,:ck

k
Write and solve the equations of motion for the creation and annihilation operators in the Heisen-
berg representation. For a boson field, we recall the commutation relationships : [cg, cL/ = Ok,
[ex, cw] = [}, cl] = 0.
In Heisenberg representation, we can define the evolution operator,
1 ~
U(0,t) = exp<ﬁHt)

which is not the same as the interaction picture,

H=Hy+H — Hy= exp(%]:!ot)

The Heisenberg representation can be written from the Schrodinger one using,

Thus,
cru(t) = Ule, U = exp(%ﬁt) Ch exp(—%ﬁt)
And so,
L0 -
Zhac’f’H(t) = |:Ck7H(t), H]
and thus,
hd (t) = it (C,., H] i
v 8tck,H = exp A k, 11| €Xp 2

Thus, we just need to calculate the commutator,

[Ck, IA{] = Z hwk/ [Ck’a CLCk]

k./
= Z hwk/ |:[C]€/7 CL]Ck + CL [Ck’7 Ck;]]
k/

= hwkck



And so,

e, iy b
ZhECk,H(t) = exp (ﬁHt) hwy.cr exp (_7_1Ht> = wicr,m(t)

leading to,
cru(t) = cpu(t = 0) exp(—iwgt) = cre” ™
and similarly,
el (t) = e} expliwit)
For the field operators,

B = 3 vulren

01 0
G0 = 0 =i S (e

For one particle Hamiltonian,

Hyy = om T V(7)
And thus,
h?
——A+V(F
5 A+ V()
leading to,
O A2 .
PACLNN RN
ih BT { o + V(F)} (0

which is formally identical to a Schrodinger equation except that @/A) is the field operator.

II. Fermionic Hamiltonian in second quantization.

Consider the Hamiltonian of an N-fermion system

N
1
H= T(xj)+§ZU(xj,xl),

1 j#

M-

J



given by the sum of one-particle operators T' (kinetic energy, impurity potential, etc) and two-
particle operators U (particle interactions). The Hamiltonian operator in second quantization is
given by

. 1
H=> "cl (kI T|K)ecw+ 3 > chel, (kKU [11) cpey
kK’ kK

The creation and annihilation operators for fermions follow the anticommutation relationships :
{ck, b} = Oppr, {ckrcw} = {cl,cl,} = 0. The field operators are given by linear combinations
of the annihilation and creation operators (in a complete basis) with the wave-functions as

coefficients :
= " (2)a, W) =) ilw)d
k k

1. Give the anticommutation relations of the field operators {¢(x), ¥ (')}, {1(z), ¥ (2')} and

{1 (@), ()}

{{(x), 4" (")} = Z¢k( z)exp (@ Ck:’ + Z wk Ck%ﬂ )exs

kk' kk'

= Z % @bk/ {Ck’v Ck;/}

= ZPSik(x)T/)k@/
=z —2)

which is analogous to what we know from ladder operators. The other relations are trivial
to derive from the anticommutation relation.

2. Show that H can be written as

H= / Bt ()T (z)h(x) +% / / Bad3z' Pt (@)t (@)U (z, 2 )2 ) (x)

HTIK) = [ do [ @' ko) (@] T 1) (1)
~ [@nvi@r@ @)

Z <l€‘T|k Cp — /dl’zcz ;LT Ck/QZJk/

Kk’ kE'

:/@wuwme



K10 ) = [ de [ da'vi(o)o @)U @)

= %/dxdx’q@f(x)@w(x’)(](%xl)l/;(x,)ﬁz(x)

Thus,

III. Density and number of particle operators.
Consider the operators representing the particle-density n(z) = Zjvzl §(x — x;) and the number
of particles N = [ d*axn(z).

1. Give their expressions in second quantization.

2. Write n(z) and N in terms of the field operators.

Z ; k’| ‘IC Ck/
kk’

(k) = [ da'vl@)6a = i)
and from previous exercise,

(kln k') = (@) ()

thus,



3. Show that N commutes with the Hamiltonian H of the previous exercise.

We want to confirm that the number of particles in conserved, which is equivalent to say
that [H, N] =0,

[T, N] = Z kk,lTkk/ [CLCk./, C}LC[]
= Z Tkk” [5k/lC};Cl — (sle;Ck]

kk'l

= Z Tkl(CLCl — C;Ck)
kl

but we can change the index and so [T, N ] =0.

IV. Current operator and the perturbation by an electroma-
gnetic field (optional).

Consider the current density operator for N particles
e N
=5 Z - — eA(z,1))0(z — ;) + 0(x — ;) (p; — eA(a, 1))]

Where the vector A(z,t) represents the vector-potential of the electromagnetic field. Show that
the matrix element of the one-particle operator J(z,t) between two states |k) and |k’) is given
by

2

Juar () = (k] T, 0) K = 5 [0(@) Vb () = o (0) VUi (@)] = — A, O ()b ()

Consider the Hamiltonian of the perturbation
B = (At Ap)— S a?
C 2m b P 2m

Neglecting the term quadratic in A and the last term (diamagnetic) in Jyy, show that
(k| H™|K') = /dgmA(x,t)Jkkl(x)
Write the operators J and H** in second quantization and show the relationship

e — / oAz, t)J(z)



